ANALYTIC ASPECTS OF THE CIRCULANT HADAMARD 

CONJECTURE 

TEODOR BANICA, ION NECHITA, AND JEAN-MARC SCHLENKER 

Abstract. We investigate the problem of counting the real or complex Hadamard ma- 
trices which are circulant, by using analytic methods. Our main observation is the fact 
that for \qo\ = . . . = \qN-i\ — 1 the quantity $ = satisfies $ > N'^, with 

equality if and only ii q — (qi) is the eigenvalue vector of a rescaled circulant complex 
Hadamard matrix. This suggests three analytic problems, namely: (1) the brute-force 
minimization of $, (2) the study of the critical points of and (3) the computation of 
the moments of We explore here these questions, with some results and conjectures. 
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Introduction 

An Hadamard matrix is a square matrix H G Mjv(±l), whose rows are pairwise orthog- 
onal. The size of such a matrix must be iV = 2 or G 4N, and the celebrated Hadamard 
Conjecture (HC) states that for any N G 4N, there exists an Hadamard matrix of order 
N. Also famous is the Circulant Hadamard Conjecture (CHC): 
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Conjecture (CHC). There are exactly 8 circulant Hadamard matrices, namely 

/-II 1 1\ 

I- 111 

II- 11 

VI 1 1-1/ 

and its 7 conjugates, obtained from -^K^ by cyclic permutations of the rows. 

We refer to the monographs [1], [21], [29] for a discussion of these conjectures. In what 
follows we will be mainly interested in the CHC, and its generalizations. 

There has been a lot of work on the CHC, starting with Turyn's paper [36]. See [22] . 
[26] , [30] . In the case of the complex Hadamard matrices, the circulant problematics is 
interesting as well, due to Bjorck's reformulation in terms of cyclic A^-roots [TU]. For a 
number of results and applications here, see [2], [H], [12], [IS], [IS], [2D], [21], [32]- 

The aim of this paper is present a new point of view on the CHC, and on the related 
circulant complex Hadamard matrix problematics, by using analytic methods. 

Let us fix G N, and denote by F = {w^^)/\fN with w = e^'^'^l^ the Fourier matrix. 
It is well-known that V G Mjv(C) is circulant if and only if f/ = FQF* ^ with Q diagonal. 
In addition, for f/ G f/A? the eigenvalues qi = Qu must be of modulus 1. 

On the other hand, the unitaries U G Un which are multiples of complex Hadamard 
matrices can be detected by using the Cauchy-Schwarz inequality. For instance, we have 
II^IU > 1, with equality if and only if if = \/NU is Hadamard. Now by restricting 
attention to the circulant matrices, and applying the Fourier transform, we obtain: 

Fact. For any complex numbers satisfying |go| = . . . = |i?Ar-i| = 1 we have 



with equality iff H = \fN FQF* , with Q = diag{qi), is a complex Hadamard matrix. 
Here, and in what follows, all the indices are taken modulo A^. 

This observation suggests that the circulant complex Hadamard matrices can be studied 
as well by using analytic methods, and more precisely by further exploring the inequality 
appearing above. We will present in this paper some results in this direction. 

Now, let us go back to the real case. So, let U G Un be circulant, and write U = FQF* 
as above. It is easy to see that U is a. real matrix if and only if the eigenvalues qo, . . . , qN-i 
satisfy = g_j for any i, so the CHC has the following reformulation: 

Conjecture (CHC, analytic formulation). For any N ^ A the quantity 

i+j+k+l=0 

satisfies $ > A^^, for any qo, . . . , qN-i satisfying \qi\ = 1 and qi = q-i. 
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As with any other reformulation of the CHC, this statement might look quite puzzling. 
Indeed, the very first thought would be that "for proving the CHC, it is enough to find 
an elementary proof of $ > A^^, without Fourier transform". But this is quite naive! 

More precisely, the idea of finding an alternative proof of $ > A^^ looks like a good one, 
but the problem is that there is, of course, no simple way of doing it. However, there are 
a few methods and computations to be tried, in connection with this idea, and we will 
discuss in this paper three precise problems, as follows: 

Problem 1. Is there any non-Fourier approach to the minimization of^? 

This is perhaps the most difficult problem. In the complex case there is probably 
no hope, but in the real case, where the inequality $ > A^^ is conjecturally strict, the 
problem makes sense. Our results here will consist of a few conjectural statements, found 
by solving the problem at A^ = 8, 12, using a computer. The main conceptual problem 
here is to decide whether min $ — A^^ converges to or not, with N ^ oo. 

Problem 2. What are the algebraic properties of the critical points of^? 

Here we can use a whole machinery from 0], [6], [7]. We will find here an algebraic 
criterion for the critical points, do some explicit computations for A^ small, and state 
a conjecture found by using a computer: in short, we will explore the subject. The 
main problem, however, where unfortunately we have no advances, concerns the possible 
restrictions on the eigenvalues of the circulant complex Hadamard matrices. 

Problem 3. Is there any good method for computing the moments of ^? 

This is definitely a good question, because the quantity $ obtained from $ by dropping 
the arithmetic condition i + j + k + I = describes the random walks on the lattice 
C M^, and so we are in a quite familiar environement. We will discuss here the 
available methods, and formulate some remarks concerning the limit N ^ oo. 

Summarizing, all the above problems look quite interesting, and in all cases the concrete 
questions that we are led into look rather difficult, but definitely further approachable. 

We should mention that this kind of approach, in the general context of the Hadamard 
matrix problematics, goes back to [4j. Proposed there was an analytic approach to the 
HC, by using integrals over On- However, while a considerable quantity of work has gone 
into the study of such integrals, cf. |5], |8], [H], [17], [28], the state-of-art of the subject 
is several levels below what would be needed for any slight advance on the HC. In short, 
the analytic approach to the HC makes us fully adhere to the most common point of view 
on the problem, namely that "mathematics is not ready for solving the HC" . 

Regarding the CHC, however, the situation is quite different. To our knowledge, there is 
no consensus among combinatorists on the precise difficulty of the problem. Our approach 
doesn't bring for the moment any new light either, and to the question on whether the 
CHC in analytic formulation is a good problem or not, our answer is: we don't know. 

Of course, we intend to come back to these questions in some future work. 
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The paper is organized as follows: 1-2 contain basic facts on the circulant Hadamard 
matrices, in 3-4 we discuss in detail the norm estimate $ > A^^, and in 5-6 we explore the 
symmetries of the critical points of $, and the computation of the moments of $. 

Acknowledgements. The present article continuates the series [1], [5], [8], [7], [6]. It 

is a pleasure to thank our friends and collaborators Benoit Collins and Karol Zyczkowski 
for the precious and pleasant time spent together, on this long and winding road. 

1. Circulant Hadamard matrices 

We consider in this paper various N x N matrices over the real or complex numbers. 
The matrix indices will range in {0, 1, . . . , — 1}, and will be taken modulo A^. 

As explained in the introduction, we are interested in the Circulant Hadamard Conjec- 
ture (CHC), stating that the only circulant Hadamard matrices can appear at A = 4. 

The first result in this direction, due to Turyn |36], is as follows: 

Proposition 1.1. The size of a circulant Hadamard matrix H G Mi^{±l) must be of the 
form N = 4n^, with n eN. 

Proof. Let a,b E N with a -|- 6 = A be the number of 1,-1 entries in the first row of H. 
If we denote by Hq, . . . , Hn-i the rows of H, then by summing over columns we get: 

N-l 

< Hq, Hi >= a{a - b) + b{b - a) = (a - bf 

On the other hand, the quantity on the left is < Hq,Hq >= A. Thus A is a square, 
and together with the well-known fact that A G 2N, this gives A = 4?t,^, with n G N. □ 

Also found by Turyn in is the fact that the above number n G N must be odd, and 
not a prime power. For further generalizations of these results, see [22], [2S], [50] . 

An interesting extension of the HC/CHC problematics, that we would like to explain 
now, appears when looking at the complex Hadamard matrices: 

Definition 1.2. A complex Hadamard matrix is a square matrix H G Mi\f{C) whose 
entries are on the unit circle, \Hij\ = 1, and whose rows are pairwise orthogonal. 

The basic example here is the rescaled Fourier matrix, Fn = {w''^) with w = e^'^*/^: 





(I 


1 


1 


• 1 \ 




1 


w 






Fn = 
















^2(7V-1) 





This example prevents the existence of a complex analogue of the HC. However, when 
trying to construct complex Hadamard matrices with roots of unity of a given order I G N, 
a subtle generalization of the HC problematics appears. See [18], [21], [25], [33], [38] . 

For a number of applications of such matrices, see [3], [9], [23], [2Z], [M], [37] . 
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Regarding now the circulant case, once again there is much more "room" in the complex 
case. Here is a basic example of a circulant complex Hadamard matrix: 




Here the notation F2 comes from the fact that this matrix can be obtained from the 
Fourier matrix F2 by performing certain elementary operations: 

Definition 1.3. Two complex Hadamard matrices H,K & Mn{C) are called equivalent if 
one can pass from one to the other by permuting the rows and columns, or by multiplying 
the rows and columns by complex numbers of modulus 1. 

In other words, we use the equivalence relation on the N x N matrices coming from 
the action T^a,b}{H) = AHB* of the group G = {{Sn xT) x {Sn x T))/T. Here, and in 
what follows, the symbol T will always denote the unit circle in the complex plane. 

Now back to the circulant examples, at = 3 a similar situation happens, because the 
Fourier matrix F3 is equivalent to the following circulant matrix {w = e^'^*/^): 

/l I w\ 

F3 = \w 1 1 
\1 w 1 J 

At N = 4: we have the matrix K4 appearing in the statement of the CHC Note that 

is equivalent to F2 ® -F2, which is the Fourier matrix of the Klein group Z2 ® Z2. 
At = 5 now, or more generally at any odd, we have the following matrix: 

/ 1 1 3 6 (iv-2)(iv^i) . 

/ 1 I W W W . . . W 2 \ 

(iV-2)(iV-l) „ (JV-3)(iV-2) 

_ W 2 1 I W . . . W 2 



\ 1 w w^^ ... 1 / 

We will be back to these basic examples a bit later. 

There are many other examples of circulant Hadamard matrices. Here is an "exotic" 
one found by Bjorck and Froberg in [11], using a root of - (1 - y/3)a +1 = 0: 



BFe = 



/I 


ia 


—a 


—i 


—d 


id \ 


ia 


1 


ia 


—a 


—i 


—d 


—a 


id 


1 


ia 


—a 


—i 


—i 


—d 


id 


1 


ia 


—a 


—a 


—i 


—d 


id 


1 


ia 


\ ia 


—a 


—i 


—d 


id 


I J 



There has been a lot of interesting work on the circulant complex Hadamard matrices, 
and their various applications, see [2], [10], [H], [H], [15], [H], [20], [31], [32]. 
Let us first record the following reformulation of the problem, due to Bjorck [10] : 
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Proposition 1.4. Assume that H G Mjv(T) is circulant, Hij = Then H is Hada- 

mard if and only if the vector (zq, ^i, • • • , ^tv-i) given by zi = ^j/^j-i satisfies: 

Zo + Zi + . . . + Zn^i = 
ZqZi + Z1Z2 + . . . + Z^-iZq = 

ZqZi . . . Zn-2 + • • • + Zn-IZq . . . Zn-3 = 

Zf)Zi . . . Zn_i = 1 

// so is the case, we say that z = {zq, . . . , z^-i) is a cyclic N-root. 

Proof. Observe first that the last equation, namely 2:02:1 . . . z^^i = 1, is trivially satisfied. 
With the notation = \, the vector ^ is given by: 

^ = (A, Xzq, A^o^i; ^2:92:12:2, • • • , A2;o2;i . . . ZN-2) 

Now by writing down the orthogonality conditions between the rows of H, we see that 
these correspond precisely to the above collection of = equations. See [10]. □ 

As a basic application, let w = e^'^*/^ and set Zi = w\ Then the above = equations 
for a cyclic A^-root are all satisfied, and we have: 

zoz, . . . zr,., = = e-(^-i) = {-if-' 

Thus when is odd we obtain a cyclic A^-root, and hence a circulant complex Hada- 
mard matrix. This latter matrix is in fact the matrix Fn given above. 
Let us record as well the following result, due to Haagerup [T9] : 

Theorem 1.5. When N is prime, the number of circulant N x N complex Hadamard 
matrices, counted with certain multiplicities, is exactly ) ■ 

Proof. The proof in [TP] uses some further manipulations of the cyclic A^-root equations, 
and then a number of algebraic geometry and number theory ingredients, notably includ- 
ing, in order to prove the finiteness claim, a theorem of Chebotarev, which states that 
when A^ is prime, all the minors of the Fourier matrix Fn are nonzero. See [19]. □ 

Finally, let us discuss the relationship between the real and the complex circulant 
Hadamard matrix problematics. In order to do so, we use the following key notion: 

Definition 1.6. The Butson class Cn{1), with I G {2, 3, ... , 00}, consists of the N x N 
complex Hadamard matrices having as entries the l-th roots of unity. 

These matrices were introduced by Butson in [13]. Observe that Cat (2) is the set of all 
N X N Hadamard matrices, and that Cn{oo) is the set of all A^ x A^ complex Hadamard 
matrices. Observe also that if we denote by the group of /-th roots of unity, then: 

Cn{1) = Mn{'Li) n 
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As already mentioned, introducing these matrices leads to the correct complex gener- 
alization of the HC problematics. More precisely, the big problem is to characterize, at 
least conjecturally, the pairs of integers {N,l) such that Cn{1) 7^ 0- See [21], [25], [38] . 

Regarding now the CHC problematics, the question here is of course: 

Problem 1.7. What is the number of circulant matrices in Cn{1) ? 

As a first observation, at / = 2, 00 this problem corresponds respectively to the CHC, 
and to the generalization of Haagerup's Theorem 1.5 above. 

At other values / = 3,4, . . ., very little seems to be known about this problem. For 
instance it is quite unclear to us for which finite abelian groups G — ZjVj^ X . . . X Ztv^. 
the corresponding Fourier matrices Fq = F^^ . . . ® -F/v^. can be put in circulant form. 
This kind of result, which looks quite elementary, would provide us at least with some 
examples of pairs {N,l) for which Ci^{l) contains at least one circulant matrix. 



In this section we further discuss Problem 1.7, by paying special attention to the simpler 
question on whether the set of circulant elements of Cn{1) is empty or not. That is, we 
would like to understand what the Z-analogue of the CHC should be. 

We will need a number of facts on the vanishing sums of roots of unity. We call "cycle" 
any sum of the form A + \w + Xw"^ + . . . + \w^~^, with |A| = 1 and p G N prime. 

The following theorem is basically due to Lam and Leung [21]: 

Theorem 2.1. Let I = . . ■pl'', and assume that Aj G Z/ satisfy Ai + . . . + Aat = 0. 

(1) '^Xi is a sum of cycles, with Z coefficients. 

(2) If k < 2 then ^ Aj is a sum of cycles (with N coefficients). 

(3) At k > 3 then ^ Aj might not decompose as a sum of cycles. 

(4) ^ Aj has the same lenght as a sum of cycles: N G piN + . . . + j9fcN. 

Proof. Here are a few explanations of these results: 

(1) This is clear at k = 1, and is quite elementary as well at = 2. See [24] . 

(2) This is a well-known result, which follows from basic number theory. 

(3) The simplest counterexample is as follows, with w = e^'^*/'^°: 



2. BUTSON MATRICES 



(4) This is a deep result, due to Lam and Leung [21]. 



25 







□ 



In terms of the Butson matrices now, we have: 



Proposition 2.2. If 0^(1) 7^ then the following hold: 

(1) Lam-Leung obstruction: I = p\^ . . . p^*" implies N G piR + . . . + Pk^. 

(2) de Launey obstruction: there exists d G Z[e^'^*/'] such that \d\'^ = N'^ 
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Proof. Here (1) comes Theorem 2.1. As for (2), this comes from taking d = detH, with 
the corresponding obstruction being studied by de Launey in [25]. □ 

One interesting problem is whether the above two obstructions can be improved or not, 
in the particular case of the circulant matrices. This doesn't seem to be the case for the 
de Launey obstruction. As for the Lam-Leung obstruction, the situation here is quite 
unclear. Indeed, take H G Ciy{l), and let us look at its first two rows: 

/ w'' ... w'^'^-A 

H = w'"^-! ... w''^-^ 

The vanishing scalar product between these two rows is then: 

Thus we have indeed an equation of type Ai + . . . + A^v = with Xi E Zi, but the point 
is that these numbers Aj satisfy the extra condition Ai . . . Aat = 1. So, we are led into: 

Problem 2.3. What are the possible lengths N of the sums of type Ai + . . . + A^r = 0, 

with Xi G Z; satisfying Xi . . . Xn = 1? 

As a first remark, when / is odd the extra condition Ai ... Aat = 1 won't change the 
Lam-Leung condition G piN + . . . + p^N, because the product of the elements of Zp 
with p odd is 1, so we can construct as sum as above, for any A^ G piN + . . . + p^N. 

The same observation holds in the case 4|Z, because we have i{—i) = 1, so we can 
construct as sum as above simply by choosing all needed 2-cycles to be i + {—i) = 0. 

So, the problem really makes sense in the case / = 2L, with L odd. In the simplest case 
I = 2, we already have a change, because the Lam-Leung obstruction, namely A^ G 2N, 
becomes A^ G 4N when adding the extra assumption Ai . . . Ajy = 1- The next interesting 
case is / = 2p"', where the Lam-Leung obstruction is: 

N e2N + pN = {2,4:,6,...,p-l}U{p,p+l,p + 2,...} 

Observe that, by using Theorem 2.1 (2), we just have to compute the possible lengths 
A^ of the sums of cycles, under the assumption Ai ... Aat = 1- With this observation in 
hand, it is clear that the set {2, 4, 6, ... ,p — 1} appearing above will be replaced by the 
set {4, 8, 12, ... , 4[2^]}. As for the set {p,p + l,p + 2, . . .}, the situation here is quite 
unclear. For instance p is definitely allowed, p + 1 is allowed precisely when it is a multiple 
of 4, while p -|- 2 is allowed as well, but due to the following computation: 

+ + ^4p<"-+l ^ ^ ^ ^ ^ ^2(p-lK- + l) ^ (^^^ ^ = + = 

So, the above problem is quite non-trivial, even in the simplest case / = 2p°'\ 
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As a conclusion, the general obstructions in Proposition 2.2 above apply of course to 
the circulant Butson matrix case, with the remark that the Lam-Leung obstruction can 
be probably slightly improved in this case, for exponents of type / = 2L with L odd. 

Let us discuss now a third obstruction, which is this time circulant matrix-specific. We 
recall from Proposition 1.1 above, due to Turyn [36j that at / = 2 the matrix size N must 
be a square. Here is the straightforward generalization of this fact: 

Proposition 2.4. Assume that H G CAr(/) is circulant, let w = e^'^*/'. If ao, ■ ■ ■ , cti-i G N 
with = N are the number of l,w, . . . , w^~^ entries in the first row of H , then: 

ik 

This condition, with ^ai = N, will he called "Turyn obstruction" on {N,l). 
Proof. Indeed, by summing over the columns of H, we obtain: 

< Hq, Hi >= < w\ > aiaj = w^'^aiaj 

i ij ij 

Now since the left term is < Hq, Hq >= N, this gives the result. □ 

Proposition 2.5. When I is prime, the Turyn obstruction is ~ flj+fc)^ = 2A^ for 

any k ^ 0. Also, for small values of I, the Turyn obstruction is as follows: 

(1) At I = 2 the condition is (ao — ai)^ = A^. 

(2) At I = 3 the condition is (oq — aiY + (ai — 02)^ -|- (02 — cts)^ = 2A^. 

(3) At I = 4 the condition is (cq — 02)^ + (c^i c^s)^ = N. 

(4) At I = 5 the condition is J2ii^i " ^ti+i)^ = J2ii^i ~ '^4+2)^ = 2A^. 

Proof. We use the well-known fact that when / is prime, the vanishing sums of /-roots of 
unity are exactly the sums of type c + cw + . . . + cw^~^, with c G N. Thus the Turyn 
obstruction is equivalent to the following equations, one for each A; 7^ 0: 

^ a? - ^ caai+k = N 

i i 

Now by forming squares, this gives the equations in the statement. 
Regarding now the / = 2, 3, 4, 5 assertions, these follow from the first assertion when / 
is prime, Z = 2, 3, 5. Also, at Z = 4 we have I = i, so the Turyn obstruction reads: 

(oq + al + al + al) +i ^ ajaj+i — 2(aoa2 + aio-s) — i ^ aiOi+i = 

Thus the imaginary terms cancel, and we obtain the formula in the statement. □ 

It is quite unclear what the final statement of the Turyn obstruction is, for composite 
exponents / > 4. The simplest combinatorics appears in the case / = with p > 3 prime. 
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SO let US work out explicitely what happens at I — 9. According to Theorem 2.1 (2) any 
vanishing sum of 9-roots of unity must spht as a sum of cycles, as follows: 

Ci(l + w'^) + C2(W + + w'^) + C3{W^ + + W^)^0 

Here w — e^'^l'^ . Now, with this observation in hand, let us go back to the Turyn 
obstruction. With — X^jOiOi+fc, the equation is ^^^w^A}; — N, which gives: 

Ao-N ^As^Aq 
Ai = ^4 = Ar 

A2 = A5 = ^8 

Let us look at the first equation. Since we have A3 = Aq we can delete the last equality, 
and the equation becomes Aq — N — A^, which looks as follows: 

~ ^ — ^0^3 + 0104 + 0205 + 0306 + 0407 + 0508 + OeOo + OyOi + 0802 

Now by doubling and forming squares, this equation is equivalent to: 

(oo - 03)^ + (03 - a^f + (06 - aof 

+(oi - 04)^ + (04 - a-if + (07 - aif 

+(02 - 05)^ + (05 - 08)^ + (08 - 02)^ = 2N 

As an example, let us take N — 6. The possible solutions can only come from: 

12 = 9 + 1 + 1 + 1 + + + + + 

12 = 4 + 1 + 1 + 1 + 1 + 1 + 1 + 1 + 1 

12 = 4 + 4 + 1 + 1 + 1 + 1 + + + 

The first two cases are excluded, because we cannot group the terms in 3 groups of 3 
terms each, with the sum in each group. As for the third case, this leads to: 

12 = (2^ + (-1)2 + (-1)2) + (22 + (-1)2 + (-1)2) + (02 + 02 + 02) 

Thus, our equation Aq — N = Ao,. when combined with the condition ^ = A^, tells 
us that among the sets with repetition {00,0.3,0.6}! {oi,a,4,aj}, {02,05,08}, two of these 
sets must be equal to {0, 1,2}, and the remaining set, to {0,0,0}. The problem now is 
to decide if the remaining equations Ai = A4^ = A-j and A2 = A^ = A^ can be satisfied 
or not, and this doesn't look trivial. Summarizing, even the simplest possible non-trivial 
application of the Turyn obstruction for / > 4 composite seems to require a computer. 

As a conclusion here, let us raise the following question: 

Question 2.6. What is the simplest statement of the Turyn obstruction, for exponents 

I > 4 which are not prime, and have at most 2 prime factors? 

Observe that we have included here the k < 2 assumption appearing in Theorem 2.1 
(2) above. Of course, at /c > 3 the problem looks extremely complicated. 
Let us discuss now the existence of circulant Butson matrices, for small N, I: 
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Theorem 2.7. We have the following table, where o, o;, are the Lam-Leung, de Launey 
and Turyn obstructions, and where the crosses are exactly where Cn{IY^^'^ 7^ 0-' 
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°t 
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X 








X 








X 



Proof. First, the fact that the crosses are exactly where they should be was found by 
implementing the circulant Hadamard matrix condition on a computer. 

Regarding now the various obstructions: 

(a) The Lam-Leung obstruction was applied first, and led to the o symbols in the above 
table. As an observation, the possibly improved obstruction, coming from the condition 
Ai . . . Atv = 1 discussed above, doesn't apply in the range {N, Z) e {2, . . . , 9}^. 

(b) The de Launey obstruction was applied next, leading to the o; symbol at (5,6). It 
might actually happen that the Turyn obstruction applies as well here; we don't know. 

(c) Finally, the Turyn obstruction was applied, to as much empty squares as we could. 
Here is the detail, using notations from Proposition 2.5 above: 

- (2, 2), (6, 2), (8, 2). At Z = 2 the Turyn obstruction is simply N — (ao — oi)^, excluding 
indeed the values = 2, 6, 8. 

- (2,6). At = 2 we must have Oq + • • • + ai-i = 2, and hence there are two cases. 
The first case is = 2 for some k, but here the Turyn obstruction becomes 2-2 = 2, 
contradiction. The second case is Ofc = = 1 for some s ^ t, and here the obstruction 
becomes 1 + 1 + w^~^ + -u;*"* = 2, so w;''^* = ±i, and so 4|Z. excluding indeed / = 6. 

- (6,3). At / = 3, according to Proposition 2.5, the obstruction is (oq — ^i)^ + (^i ~ 
02)^ + (^2 — doY = 2A^. Now since the only way of writing 12 as a sum of three squares 
is 12 = 4 + 4 + 4, we reach to a contradition, because ±2 ± 2 ± 2 7^ 0, for any choices of 
the ± signs. Thus the case A^ = 6 is indeed excluded. 

- (6,4). At / = 4, according to Proposition 2.5, the obstruction is (cq — a2)^ + (oi— 03)^ = 
N. But since A^ = 6 is not a sum of squares, this value is indeed excluded. □ 

Regarding the blank cases in the above table, we do not know how to deal with them. 
At / = 6, 8, 9 it might happen that the Turyn obstruction applies to some of them, but 
the applications of this obstruction at Z > 4 composite are not obvious. As for the blank 
case (8,4), this is definitely quite mysterious, and we would like to raise here: 

Question 2.8. Why Csi'i)"'"' = 0? 



12 



TEODOR BANICA, ION NECHITA, AND JEAN-MARC SCHLENKER 



The point here is that, if we drop the circulant condition, there are of course plenty 
of matrices in Cs{4:), for instance F2 (g) F2 (8) F2, or F2 (8) F4. Now regarding the Turyn 

obstruction, this simply tells us that there should be some numbers ao, ai, 02, ^3 satisfying 
ao + 0-1 + 0,2 + 0,3 = 8 and (ao — 02)^ + (ai — 03)^ = 8. But such numbers do exist, the 
solutions being 8 = (3 - 1)^ + (3 - 1)^ and 8 = (4 - 2)^ + (2 - O)^. 



3. Fourier formulation 

We fix e N and we denote by F = {w^^)/\/N with w — e^'^*/^ the Fourier matrix. 
Observe that — \/NF is the complex Hadamard matrix that we met in section 1. 

Given a vector q G C^, we denote by Q € Mjv(C) the diagonal matrix having q as 
vector of diagonal entries. That is, Qa = qi, and Qij = for i 7^ j. 

We will make a heavy use of the following well-known result: 

Proposition 3.1. The various sets of circulant matrices are as follows: 

(1) Mn{CY'''^ = {FQF*\q e C^}. 

(2) W^"-" = {FQF*\q G T^}. 

(3) = {FQF*\q G T^,g, = g_„V^}. 

In addition, the first row vector of FQF* is given by ^ = Fq/^/N. 

Proof. This is well-known, but since we will often use it, here is the proof: 

(1) If Hij = is circulant then Q = F*HF is diagonal, given by: 

kl r 

Also, if Q = diag{q) is diagonal then H — FQF* is circulant, given by: 

^ij = Yl PikQkkFjk = J^Y1 ^^^~^^^1k 
k k 

Observe that this latter formula proves as well the last assertion, ^ = Fq/y/N. 

(2) This is clear from (1), because the eigenvalues must be on the unit circle T. 

(3) Observe first that for q G we have Fq = Fq, with qi = q^i, and so ^ = Fq is 
real if and only if q^ = q_i for any i. Together with (2), this gives the result. □ 

Observe that in (3), the equations for the parameter space arc go = ^O; Qi = Qn-i, 
q2 — qn-2, and so on until [A'"/2] -|- 1. Thus, with the convention Zoo = T we have: 



— 



Z2XZ(^-')/' (AT odd) 
Zi X Z^-')/' {N even) 



In terms of circulant Hadamard matrices, we have the following statement: 
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Proposition 3.2. The sets of complex and real circulant Hadamard matrices are: 

C^(oo)""'" = {FQF*\q e T^} n Miv(T) 

CN{2r'' = {FQF*\q e T^, q^ = n M^,(±l) 
In addition, the corresponding sets of q parameters are invariant under cyclic permuta- 
tions, and also under mutiplying by numbers in T, respectively under multiplying by —1. 

Proof. All the assertions are indeed clear from Proposition 3.1. □ 

In the above statement we have used of course the Butson matrix notations Cn{'2) and 
Cjv(oo) for the sets of real and complex Hadamard matrices. In the general Butson matrix 
case the situation is quite unclear, and we have here the following question: 



Problem 3.3. Consider the Butson class Cn{1) — Mn(Zi) fl wNUm- 

(1) Is there a group Un{1) C Un such that CAr(0 = Mjv(T) n v^f/jv(/) ? 

(2) Is there a group T^{1) C such that Cn{IY'''^ = Miv(T) n y/NFT^{l)F*9 

The answer to these questions is of course clear at / = 2, oo. However, at Z = 3, 4 
already, and especially at / = 4, the answer to these questions is quite unclear. 

Observe that a positive answer to the first question would imply a positive answer to 
the second question, because we could simply set T^(/) = F*UN{iy^^''F. 

However, our behef is that, in the general case, the answer to the first question should 
be rather "no", and to the second one, maybe "yes". We have no further results here. 

Let us go back now to the complex case, where the parameter space is T^. We construct 
now a map $ : T-^ — )> (0, oo), which will play a key role in what follows: 

Definition 3.4. Associated to q E , written q = {qo, ■ ■ ■ , qN-i) is the quantity 

where all the indices are taken modulo N . 

As a first observation, by conjugating the above expression we see that $ is real. In 
fact, $ is by definition a sum of A^^ terms, consisting of N{2N — 1) values of 1 and of 
A^(A" — ly other complex numbers of modulus 1, coming in pairs (a, a). 

We will be back to these observations a bit later. For the moment, let us record the 
following key statement, which is the starting point for the investigations to follow: 

Theorem 3.5. For q e T-^ we have $ > A^^, with equality if and only if yfNq is the 
eigenvalue vector of a circulant Hadamard matrix H G Mjv(C). 

Proof. For U e C/at we have the following Cauchy-Schwarz estimate: 

ij \ ij 
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Thus we have \\U\\i > 1, with equahty if and only ii H = yNU is Hadamard. In the 
particular case of circulant matrices, by using the formula = Fq/\/N, we have: 

|4 



\\U\\t = Nj2\t 

s 

ATS 



M3 



^{i-j+k-i)s(Mk 

qiQk 



- - y 

Thus we have $ = A^^||f/||4 > A^^, and we are done. □ 

The above result makes the link with our previous work in [Ij, [6], [7] on the p- norms 
over the orthogonal group, and perhaps also with some other analytic considerations in 
the finite group setting, as those in [16], [35]. Of course, the passage through the 4-norm 
is optional, and we have the following more direct explanation of the above result: 

Proposition 3.6. We have the formula 

where v = (z/q, . . . , Vn-\) is the vector given by u = Fq. 

Proof. This follows by replacing in the above proof the Cauchy-Schwarz estimate by the 
corresponding sum of squares. More precisely, we know from the above proof that: 

i 

On the other hand Uij = being unitary, we have = 1, and so: 
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Now by multiplying by A^^, this gives the formula in the statement. □ 
The above considerations suggest the following key problem: 
Problem 3.7. Is there any proof of 



for q e T^, without using Fourier analysis? 

As an illustration for the difficulties in dealing with this problem, let us work out the 
case where N is small. At = 1 our inequality ^ > N'^ is simply: 

$ = 1 > 1 

At A'" = 2 our inequality is also clearly true: 

$ = 6+('^V+f^V>4 



At N — 3 now, the inequality is something more subtle: 

^ = 15 + 4Re{^^^^^ \ >9 



qoqiq2 

Observe that in terms of a — ?o/(9i92), b — qi/{qoq2), c = qi/iqoqi), which satisfy 
\a\ — \b\ = |c| = 1 and abc — 1, our function is $ = 15 + 4i?e(a + b + c). Thus a,t N — 3 
our inequality still has a quite tractable form, namely: 

3 

\a\ = |6| = |c| = 1, abc — 1 =^ Re{a + b + c) > — - 
K\j N = A, however, the formula of $ is as follows: 

\q2qz qoqi ?i?2 qmj V?2 ?o ?3 9i 

^ o f 9og2 ^ ql ^ qoq2 ^ qj ^ gig3 ^ Qp ^ 9i93 ^ 

V ql qm ql qoq2 ql qm ql qm 

Our inequality is here $ > 16, and this seems to be impossible to establish without 
using Fourier analysis, i.e. without getting back to our original problem! 

4. The minimization problem 

Let us discuss now the real case. Here the parameter space is {g G T^l^j = q-i}, and 
our first task is to exploit the extra symmetries of the problem: 
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Proposition 4.1. For q E T satisfying qi = q^i we have: 

i+j+k+l=0 

In addition, we have $(g) = ^{—q) = ^{q) = g), where qi = w^qi. 
Proof. The first assertion is clear from definitions, because we have: 

^ ^ y2 — = Y] QiQkQjqi = y] qiqkQ-jQ-i 

i+k=j+l i+k=j+l i+k=j+l 

As for the second assertion, this is clear from the first one. □ 

As for the minimization problematics, the answer is basically provided by the CHC. 
More precisely. Problem 3.7 leads in the real case to the following series of questions: 

Problem 4.2. Assume that q e satisfies qi — q^i. 

(1) Is there a proof of ^ > N^, without Fourier analysis? 

(2) For N > A, is it true that we have <^ > N"^? 

(3) What is the N oo behavior of min $ - TV^ ? 

Observe that (1) is a particular case of Problem 3.7, but is probably as difficult as (2), 
which is exactly the CHC. Thus, Problem 3.7 is probably as hard as the CHC! 

As for question (3), this looks like a key statement, because it leads to a dichotomy. 
In the case where min ^ — N'^ > c ior some c > 0, for any N > A, there is probably a 
slight chance of replacing the sum of squares in Proposition 3.6 by some other sum of 
squares, of non-Fourier nature, and hence to solve all the questions. In the other case, 
min $ — A^^ 0, the chances of finding a non- Fourier proof would become of course quite 
narrow. We do not know for the moment what the answer to (3) is. 

Let us assume now that N — 2m is even, and try to find the minimum of 

The first observation is that we have qo,qm ^ {il}) and that by using the symmetries 
in Proposition 4.1, we can always assume that we have qo = qm = ^■ 

5 = (1, gi, . . . , qm-i, 1, qm-i, ■■■,qi) 

In the case particular case A^ = 4n, which is of course the one we are interested in, it 
is convenient to write our vector in the following special way: 

Proposition 4.3. In the case N — An, the minimum of^ stays the same when restricting 
attention to the vectors of the form 

q — {l,ai, . . . , ttn-i, b, Cn-i, . . . , Ci, 1, Ci, . . . , c„_i, b, a„_i, . . . , ai) 

with a,c & T"~^ and b and with no constraints between a, b, c. 

Proof. This is clear from the above A^ = 2m discussion, based on Proposition 4.1. □ 
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The point with this writing is that the variables b — Qn, b — qsn play a special role. 
Indeed, it is clear that 6^, b^ will appear with multiplicity 1, and that b^, b^ will not appear 
at all. So, our quantity $ must have a decomposition of the following type: 

$ = Po + P,{b + b) + P2{b^ + + {b" + ¥) 

In other words, with b — e'^, we must have: 

$ = Po + 2PiCOS^ + 2P2COs2^ + 2cos4^ 

This observation suggests a two-step approach to the minimization problem. However, 
since the answer to Problem 4.2 (3) is not known to us for the moment, we don't have 
so far any clear strategy. Of course, if the quantity min $ — A^^ would stay > 4, then we 
could simply erase the 2 cos 4/3 term, and then easily minimize with respect to /3. 

By using a computer, we have found the following results: 

Proposition 4.4. Let q = (1, Oi, . . . , a^-i, b, c„_i, . . . , Ci, 1, Ci, . . . , c„_i, b, a„_i, . . . , ai), 
and denote by a^, f3,^i the arguments of the numbers a^, b, Ci. 

(1) At N — 4 we have min$ = 16, attained at (3 — ±7r/2. 

(2) At N — 8 we have min$ = 256/3 = 85.33.., attained for instance at (3 — ir, and 

a = 7 = — arccos(l / ^/S) . 

(3) At N = 12 we have min$ = 162, attained for instance at (3 = — 7r/4, and ai ~ 
7i = tt/A, ^2 = 72 = -27r/3. 

Proof. These results were obtained using Mathematica, the idea being as follows: 

(1) Here the formula of $ is as follows, which gives the result: 

$ = 4(3 + cos(2/3))2 

(2) Here the formula of $ is as follows, which once again gives the result: 

$ = 170 + 2cos(4/3) + 12cos(2a + 27) 
+ 8 cos(« — 37) + 8 cos(3« — 7) 

+ 48 cos(a + 7) + 48 cos(a - /3 - 7) + 48 cos(q; + /9 - 7) 

+ 24 cos(2/3) + 24 cos(a - 2/3 + 7) + 24 cos(a + 2/3 + 7) 

+ 24 cos(2a - /3) + 24 cos(2a + /3) + 24 cos(/3 - 27) + 24 cos(/3 + 27) 

(3) Here the formula of $ is quite long, and won't be given here. □ 

The above computations suggest the following statement: 

Conjecture 4.5. In the case N = An, the minimum of ^ over {q G T^\qi — is the 
same as the minimum of $ over vectors as above, satisfying a = c. 

More precisely, the fact we can assume go = q2n = 1 in the minimization problem is 
elementary, and was already explained above. The interesting phenomenon, checked at 
A?" = 8, 12, is that we can always assume that the vectors a, c are equal. 



18 



TEODOR BANICA, ION NECHITA, AND JEAN-MARC SCHLENKER 



We should mention that, even when assuming a — c, the minimization problem looks 
quite difficult. For instance at = 8, in terms oi x — + and y — b + b we have: 

$ = + 4x(3y' + 6y + 2) + (y^ + 8y^ + 48y + 136) 

This formula can be written in the following way: 

3$ = 2{3x + 3y^ + 6y + 2)^ + {-15y^ - 72y^ - 72y^ + 96y + 400) 

What is quite interesting here is that the minimum over [—2,2]^ is attained at x = 
—2/3,y — —2, which are values making vanish the square in the above expression: 

3a; + 3?/^ + 6y + 2 = -2 + 12 - 12 + 2 = 

We do not have any explanation, or higher dimensional analogue, for this fact: 

Problem 4.6. In the a = c case, what are the further symmetries of the problem? Is it 
true that certain squares that appear naturally in the formula of ^ must vanish? 

Summarizing, the minimization problem for $ is so far concerned with the construction 
of the good parameter space for the problem, and we have here two experimental findings 
so far, obtained at = 8, 12 and N = 8 respectively, and waiting to be understood. 

In addition, we have Problem 4.2 (3), asking for the N ^ oo behavior of the quantity 
Kjsf = mm{^)—N'^. This question is of key importance for our considerations, as explained 
above. But the data that we have so far here is just Kg ~ 21.33.. and K12 — 18. 

5. Critical points 

One possible way to find the minimum of $ is by identifying its critical points, and then 
checking its values on these critical points to find the minimum. Also, the computation 
of the critical points, or at least of their symmetries, could turn to be key for some 
other related problems, e.g. for establishing Conjecture 4.5 above, or for finding a better 
parameter space for the integration problems discussed in section 6 below. 

Let us first give a criterion for a vector q e to be a critical point of $: 

Theorem 5.1. Write $ = $0 + • • • + *^Af-i; with each $j being given by the same formula 

as namely $ = Yli+k=j+i ^'"^ keeping the index i fixed. Then: 

(1) We have $ G M, and $ > A^^, with equality in the Hadamard case. 

(2) The critical points of $ are those where $j e M, for any i. 

(3) In the Hadamard case we have = N, for any i. 

Proof. (1) This assertion was already proved above. 

(2) The first observation is that the non-constant terms in the definition of $ involving 
the variable qi are the terms of the sum Ki + Ki, where: 
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Thus if we fix i and we write qi — e*"% we obtain: 
(9$ 



ARe(y y t.^-^]=AIm( V ^-^] = AIm{^, 



) 



k i+k=j+l ■' / \i+k=j- 

Now since the derivative must vanish for any i, this gives the result. 
(3) We first perform the end of the Fourier computation in the proof of Theorem 3.5 
above backwards, by keeping the index i fixed. We obtain: 

qiQk 



^ ^ \^\^^(i-i+k-l)s<li<lk 



s 

Here we have used the formula ^ = Fq/\/N. Now by assuming that we are in the 
Hadamard case, we have = 1/\/N for any s, and so we obtain: 



$i ^Nj^w^'QiCs = NVNqi{F*Oi = Nq,qi = TV 

s 

This ends the proof. □ 

Let us look now at the case where is small. We denote as usual by the cyclic 
group formed by the l-th roots of unity in the complex plane. Let w = e^"/^. 

Proposition 5.2. The critical points of ^, with go — 1; o-f^ as follows: 

(1) N = 2. Here the condition is qi G Z4. 

(2) A'" = 3. Here the solutions {qi, ^2) form the following 18-element subset of^Q x Zq: 

(1, 1), (w, w^), (w^ w), (1, w^), {w, w), {w^, 1) 

(1, w), (w, 1), (w^, w^), (-1, -1), (-W, -w^), (-w^, -w) 

(-1, 1), {-w, w^), (-w^, w), (1, -1), (w, -w^), (w^, -w) 

Proof. We use the various formulae from the discussion following Problem 3.7. 
(1) We recall that at = 2 we have: 

' \ 2 / \ 2 
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The decomposition $ = $o + '^'i is as follows: 



$0 = 3 + 



Thus the critical points appear at qi/qo G —1, —i}-, which gives the result. 
(2) We recall from the discussion following Problem 3.7 that we have: 



$ = 15 + ARe 



ql + ql + ql 



qoqiq2 

In terms of a = ql/{qiq2), b = qf/ (90^2), c = g|/ (go^i), we have: 

$ = 15 + Re{a + b + c) 

The decomposition $ = $0 + $1 + $2 is as follows: 

$0 = 5 + 2a + b + c 

= 5 + 26 + a + c 

$2 = 5 + 2c + a + b 

It follows that we have: 

/m($o) = 2Im{a) — Im{h) — Im{c) 
/m($i) = 2Im{h) — Im{a) — Im{c) 
/m($2) = 2Im{c) — Im{a) — Im{b) 
Thus the critical point condition is simply: 

Im{a) — Im{b) — Im{c) 

Now recall that a, 6, c must satisfy abc = 1. If these numbers are all equal, we must 
have a = b = c E 1? . If not, two of them must be of the form r, — f and the third one 
must be r or — f, and from abc = 1 we obtain that r must be real, r = =tl. Thus the 
solutions in this latter case must be, up to permutations, of the form (1, —1, —1). 

Sumarizing, with w — e^"^*/^, the solutions are: 

(a,6,c) G {(1, 1, 1), {w,w,w), {w\tv\w^), (1, -1, -1), (-1, 1, (-1, -1, 1)} 

With our normalization go = 1, the above conditions a = qo/{qiq2), b = qf/{qoq2), 
c = q2/{qoqi) definining a, b, c become: 

1 . ql ql 



a 



qiq2 ?2 qi 
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We can of course neglect the third equation, the product being 1 anyway, and we get: 

3 b q\ 

9i = 11 = -r 
a b 

By plugging in the above 6 solutions for (a, 6, c), we obtain the result. □ 

It would be of course very interesting to work out now the case iV = 4. Here the 
decomposition $ = $o + '^'i + '^'2 + '^'s is as follows: 



\q2qz gig2/ qi qm \ qi Qi J 
\q2q3 qoq-ij qi qoq2 V qo qi 
\qoqi qmj qo qiqs V qt qi 

$3 = 7 + 2f^ + MiV 4 + 2.^+f^ + ^ 

\qoqi qiq2j qt qoq2 \ qt qi 

The solution here seems to require substantially more work than at = 2, 3. 
The problems regarding the critical points can be summarized as follows: 

Problem 5.3. What are the critical points at N = 4? In general, do they have some 
interesting algebraic property? Can they be of help in proving Conjecture 4-5? Can these 
critical points by counted by a Haagerup type method? What about the real case? 

Observe that we can't of course expect in general these critical points to belong to some 
nice cyclic group, because starting at iV = 6 we have lots of "exotic" cyclic A^-roots. 
In addition, we have the following conjecture, found by using a computer: 

Conjecture 5.4. For a critical point the value of depends only on the parity of i. 

Once again, we have here an interesting symmetry statement, to be added to the list 
of symmetry statements already presented above. Solving all these problems is of course 
very important for us, because the formula of $ that we have so far is not very usable. 

In several papers [1], [6], [7], it has been noticed that among the different possible values 
of exponents, the Cauchy-Schwarz inequality for p = 1 is the easiest to manipulate. 

So, let us consider the following quantity, depending on g e T^: 

^ = ^\\FQF*\\^ 



With ^ = Fq/y/N and with qj = e*""^, and Og = arg(^s), this function is: 



The properties of \E' can be summarized as follows: 
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Proposition 5.5. Write \1/ = \l/o + • • • + ^I/at-I; with each being given by the same 
formula as namely \1/ = ^ys'^e**-"*^"^"'', but keeping the index k fixed. Then: 

(1) We have ^ G M, and < N, with equality in the Hadamard case. 

(2) The critical points of^ are those where G M, for any k. 

(3) In the Hadamard case we have ^'fc = 1, for any k. 

Proof. This is quite similar to the proof of Theorem 5.1: 

(1) For U G Um the Cauchy-Schwarz inequality gives \\U\\i < N\/N, with equality if 
and only if = \fNU is Hadamard, and this gives the result. 

(2) By differentiating the formula of \& with respect to a^, we obtain: 



dak 




Now since the right term vanishes, this gives the result. 
(3) In the Hadamard case we have C,s = and so: 



QkQk 



This ends the proof. □ 

Observe that our critical point criterion is similar as well to the condition "S**?/ is 
symmetric" found in [1], with the sign matrix 5* replaced now by the angle vector 6. 

As pointed out in [6], one interesting problem, at least in the context of the orthogonal 
group problems considered there, is to find the joint critical points of all p-norms, in the 
whole exponent range p G [l,oo). Indeed, as observed there, these joint critical points 
seem to enjoy interesting combinatorial properties. So, we have: 

Problem 5.6. Is there any simple characterization of the joint critical points of all the 
maps of type $p = \ \FQF*\\p? 

As a first remark, the case of exponents of type p = 2r with r G N is quite similar to 
the case p = 4 discussed above. Indeed, the key Holder inequality in [6J, which allows to 
detect the eigenvalue vectors of the rescaled complex Hadamard matrices, is simply: 



'y qii ■ ■ ■ qir y 
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So, in this case an analogue of Theorem 5.1 is probably available. However, for arbitrary 
exponents p > 1 some angles like those in Proposition 5.5 above should definitely come 
into play, and it is not clear what the answer to the above problem should be. 



6. The moment method 

Consider a bounded function : M — )■ [0, oo), where M is a compact manifold endowed 
with a probability measure. We have then the following well-known formula: 

_ i/p 

max0 = lim ( / Q(xY dx 



In addition, more specialized quantities such as the exact number of maxima of can 
be recovered via variations of this formula. So, in view of this observation, our various 
counting problems can be investigated by using this method: 

Proposition 6.1. We have the formula 

i/p 

min $ = - lim ( / (A^^ - <l>)^ dq 



p-i-OO \JjN 

where the torus is endowed with its usual probability measure. 

Proof. This follows from the above formula, with B = A^'^ — $. Observe that G is indeed 
positive, because $ is by definition a sum of A^^ complex numbers of modulus 1. □ 

The moment approach to the Hadamard matrix problematics goes in fact back to [1]. 
Proposed there was an analytic approach to the HC, by using integrals over O^. However, 
while a considerable quantity of work has gone into the study of such integrals, cf. [5], 
[H], [El, [H], [28], the state-of-art of the subject is several big levels below the HC. 

However, in the present circulant case, the moment approach looks like a quite reason- 
able method. Indeed, integrating on the torus is a very simple operation: we just have to 
make reduced words out of the generators qi,qi, and then the reduced words 1 contribute 
to the integral, and all the other words, containing q variables, have integral 0. 

More precisely, let us restrict attention to the problem of computing the moments of 

which is more or less the same as computing those of A^^ — $. We have then: 

Proposition 6.2. The moments of ^ are given by 



dq 



^1^1 • • • ^pkp 

jih ■ ■ -jplp 



is kg — js + Isi [^1^1 • • • 'ipkp] — [ji^i • • • jplp] 

where the sets between brakets are by definition sets with repetition. 

Proof. This is indeed clear from the above discussison. □ 
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As a first example, at p = 1 we obtain: 

^dq = N{2N -1) 



At p — 2 now, we have N contributions of type (xxxx), 8N{N — 1) of type (xxxy), 
9N{N-1) + SN of type {xxyy), 4N{N-lf-4SN of type (xxyz), and 4N{N-iy{N- 
3) + 46 N of type (xyzt), where 5 = d2\N- By summing aU these numbers, we obtain: 

/ $^ = N{4N^ - 16A^^ + 37 -24 + 5) 

Let us see now what happens when is smalL We set $ = N{2N — 1) + F, and we 
use the variables introduced in the previous small A" discussion, following Problem 3.7. 
At A" = 2 with a — QQ/qj we have T — a + a~^, and so: 



At A^ = 3 we have F ^2{a + a~^ + b + b~^ + c + c~^), and so: 

Explicitly now, the first moments are: 

Ml = 0, M2 = 6, M3 = 6, M4 = 90, M5 = 180, Me = 1950 

Regarding now the real case, an analogue of Proposition 6.2 holds of course, but the 
combinatorics doesn't get any simpler. So, we are led into the following question: 

Problem 6.3. How to compute the moments of ^, or rather of — ^, in the real and 
in the complex case? 

One idea in dealing with this problem is by considering the "enveloping sum" , obtained 
from $ by dropping the condition i + k — j + I: 

Definition 6.4. The enveloping sum of $ is the function 

with the sum over all possible indices i,j, k, I. 

The point is that the moments of $ appear as "sub-quantities" of the moments of 
so perhaps the question to start with is to understand very well the moments of 
And this latter problem sounds like a quite familiar one, because we have: 

* = lE9'l' 

i 

We will be back to this a bit later. For the moment, let us do some combinatorics: 
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Proposition 6.5. We have the moment formula 

where (^) = (^^^ ^^^^^ ^, with 61, ... , 6|7r| being the lengths of the blocks of tt. 
Proof. Indeed, by using the same method as for we obtain: 

dq = I (^^^l^ ■ ■ ■ "J^^ I [nh . . . t,k,] = [nh . . . jM 

The sets with repetitions on the right are best counted by introducing the corresponding 
partitions vr = kcr [iiki . . .ipkpj, and this gives the formula in the statement. □ 

In order to discuss now the real case, we have to slightly generalize the above result, 
by computing all the half-moments of $. The result here is best formulated as: 

Proposition 6.6. We have the moment formula 

where Cpk — X^^gp(p) |^|=fe ^ , with hi, ... , being the lengths of the blocks of tt. 

Proof. This follows indeed exactly as Proposition 6.5 above, by replacing the exponent p 
by the exponent p/2, and by splitting the resulting sum as in the statement. □ 

Observe that the above formula basically gives the moments of in the real case. 
Indeed, let us restrict attention to the case = 2m, which is the one we are interested 
in. Then, as explained in section 4 above, for the purposes of our minimization problem 
we can assume that our vector is of the following form: 

g = (1, gi, . . . , 1, qm-i, ■■■,qi) 

So, we are led to the following conclusion, relating the real and complex cases: 

Proposition 6.7. Consider the variable X = qi + . . . + qm-i over the torus 

(1) For the complex problem at N = m — 1, we have $ = {Xl"^ 

(2) For the real problem at N = 2m, we have $ = |2 + X + X\'^. 

Proof. This is indeed clear from the definition of the enveloping sum □ 

Summarizing, for both the real and the complex problem, computing the moments of 
the enveloping sum basically reduces to the computation of the above numbers Cpk- 
The first two numbers are given by: 

1 /2p^ 



Cpi - 1, ~ 2\p 
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As for the last such numbers, these are given by: 

In general, it is not clear to us what the formula of Cpfc is, and this damages a bit the 
idea formulated after Problem 6.3. So, let us reformulate this idea as a question: 

Problem 6.8. What are the moments of the enveloping sum, $ = | ^jQ'il'^? And, once 
these moments are known, how to "detect inside" the moments of^? 

Here is a random walk formulation of the problem, which might be useful: 

Proposition 6.9. The moments of ^ have the following interpretation: 

(1) First, the moments of the enveloping sum J $p count the loops of length 4p on the 
standard lattice C M^, based at the origin. 

(2) J counts those loops which are "piecewise balanced", in the sense that each of 
the p consecutive 4-paths forming the loop satisfy i + k — j + I modulo N. 

Proof. The first assertion follows from the formula in the proof of Proposition 6.5, and 
the second assertion follows from the formula in Proposition 6.2. □ 

This statement looks of course quite encouraging, because we finally got into some 
familiar playground - combinatorics - which is of course not exactly the circulant Ha- 
damard matrix combinatorics, known to be extremely difficult to deal with. However, 
passing from (1) to (2) is quite a delicate task, because in order to interpret the condition 
i + k = j + 1, which happens of course modulo N, we have to label the coordinate axes of 
by elements of the cyclic group Zjv, and this is quite an unfamiliar operation! 

Of course, a similar statement holds for the real case, by using the identifications in 
Proposition 6.7. However, in the real case the combinatorics is further complicated by 
the symmetries of the parameter space, and we have no concrete results here so far. 

Finally, observe that the N oo behavior of the moments of the enveloping series is 
quite easy to control, for instance because of the partition formula in Proposition 6.6. We 
do not know for the moment what this implies on the N ^ oo behavior of $ itself. 
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